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This paper describes a modification of the previously proposed method 
of determining the coefficients of linear expansion of solids [1] and 
also gives the results of an investigation of the thermal expansion of 
fiberglasses. Their thermal expansion shows pronounced anisotropy. 

The r e l a t ionsh ip  between the length of a body and 
its t e m p e r a t u r e  l = f ( t )  in the absence  of phase  changes  
is  g iven by the fo rmula  

l = l o + alo t + ~1o t~, (1) 

where  oz and fl a r e  p a r a m e t e r s  which a re  constant  for  
the p a r t i c u l a r  m a t e r i a l  and the p a r t i c u l a r  re la t ionsh ip .  

The actual  value of the coef f ic ien t  of l i nea r  expansion 
at  a p a r t i c u l a r  t e m p e r a t u r e  is g iven by the e x p r e s s i o n  

1 dl 
a t a + 2~ t. (2) 

lodt 

F o r m u l a  (1) a s s u m e s  a un i form t e m p e r a t u r e  d i s -  
t r ibut ion  throughout  the body, which is  equiva len t  to 
a s suming  that  the body is in a s t e ady - s t a t e ,  un i form 
t e m p e r a t u r e  field.  When a body changes  f r o m  one t e m -  
p e r a t u r e  to another  the concept  of body t e m p e r a t u r e  
b e c o m e s  indefini te ,  s ince  the un i form t e m p e r a t u r e  

d i s t r ibu t ion  throughout  the body is upset .  In this c a s e  
we cannot speak of the t e m p e r a t u r e  of the body without 
f i r s t  s t ipulat ing the method of ave rag ing  the t e m p e r a -  
t u re  s which the body has  at d i f fe ren t  points at the p a r t i c -  
u lar  instant.  

t t  is  known that  dur ing f r e e  cool ing o r  heat ing the 
length of a body changes  monotonica l ly .  Hence,  at  any 
ins tant  during cool ing the m e a s u r e d  length of the body 
wi l l  c o r r e s p o n d  to some t e m p e r a t u r e  at which i twould  
have the same length in a un i form t e m p e r a t u r e  f ield.  
We wil l  ca l l  th is  t e m p e r a t u r e  the t e m p e r a t u r e  of the 
body in the unsteady state .  We now find in the cool ing 
spec imen  a posi t ion for  a the rmocoup le  junct ion at  

which the m e a s u r e d  t e m p e r a t u r e  is  equal  to the t e m -  
p e r a t u r e  of the body. 

If a heated  spec imen  of inves t iga ted  m a t e r i a l  in the 
fo rm of a thin sol id  cy l inder  or  block is enc losed  in a 
suff ic ient ly  good l a t e r a l  hea t - insu la t ing  shel l ,  leaving 
the end faces  exposed,  t e m p e r a t u r e  s t ra t i f i ca t ion  wil l  

be set  up along the spec imen  when it cools ,  The re  will  
be p r ac t i c a l l y  no t e m p e r a t u r e  g rad ien t  in c r o s s  s e c -  
t ions of the spec imen.  In this  ca se  the mean  b u l k t e m -  
p e r a t u r e  @V of the spec imen  wil l  be equal  to i ts  m e a n  
l inea r  t e m p e r a t u r e  | : 

l/2 
O v = O l  = ~  OdV / Odz / l 

v = / T '  
o 

where  | = t - ~ = f ( z ) .  The o r ig in  of the length sca le  
co inc ides  with one of the end f aces  of the spec imen.  

If we a s s u m e  that  the t e m p e r a t u r ~  is d i s t r ibu ted  
in the spec imen  in acco rdance  with the law | Tz) 
where  "y is  a p ropor t iona l i ty  fac to r ,  then 

1/2 / _ (  l 
ev:yf  zdz 2 

0 

It  fol lows f r o m  the condit ion of equal i ty  of the m e s -  

su red  t e m p e r a t u r e  and the mean  bulk t e m p e r a t u r e  
(O V = | that  the pos i t ion  of the t he rmocoup le  wil l  be 
d e t e r m i n e d  by the fol lowing value of z: 

z = / / 4  = 0.25l. 

If we a s s u m e  that  | = ~z ~-, whe re  7/is  a p r o p o r t i o n a l -  
i ty  fac to r ,  then 

t/2 ~ / l l ~- 
O r = t 1 S  z dz / - ~  = T I _ _ .  

o 12 

Table  1 

Resu l t s  of Obse rva t ions  and Calcula t ion  of Coeff ic ients  of Ebonite  
Spec imen  (l = 107 m m ,  r o o m  t e m p e r a t u r e  ,~ = 20 ~ C, ga lvano -  

m e t e r  d iv is ion  6 = 0.165 deg /d iv )  
No.  o f  No.  o f [  
obser- L N A t obser- L N At 

1 

rat ion rat ion 

1 
2 
3 
4 
5 
6 
7 
8 
9 

I(1 
11 
12 
13 
14 

95.0 
90.0 
85.0 
80.0 
75.0 
70.0 
65.0 
60.0 
55_0 
50.0 
45.0 
40.0 
35.0 
30.0 

96.7 
93,6 
90,6 
88,9 
84,6 
8 1 , 5  
78.5 
75,5 
72,5 
69.4 
65,5 
63.1 
60.0 
57,0 

15.96 
15.44 
14.95 
14.64 
13.96 
13.45 
12.95 
12.46 
11,96 
1 1 . 4 5  
10.81 
10.41 
9.90 
9.40 

15 
16 
17 
18 

21 
22 
23 
24 
25 
26 
27 
28 

25.0 
20.0 
15.0 
10.0 
5.0 
0.0 

- -  5_0 
--10.0 
--15.0 
--20.0 
--25.0 
--30.0 
--35- 0 
~40.0 

54.6 
50.7 
47.3 
45.5 
41.2 
37_6 
34.3 
31.2 
26.1 
24 ~3 
21.2 
17.6 
14_0 
l l . 1  

9.01 
8,36 
7,80 
7.51 
6.80 
6.20 
5.66 
5.15 
4,31 
4.01 
3.50 
2.90 
2.31 
1 . 8 3  
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T a b l e  2 

O b s e r v a t i o n s  S e l e c t e d  f r o m  G r a p h  of L : f ( A t )  f o r  C a l c u l a t i o n  of C o e f -  

f i c i e n t s  ~ a n d / 3  ( L a  = - 5 6 . 5  tz) 

Number of A l A t Number of A l A t 
observation L--L{} observation L--L~ 

Mean 
I 

151.5 
146.5 
t41.5 
131,5 
126.5 
121.5 
116.5 
111.5 

130.9 

15,96 
15.44 
14.95 
13.96 
13.45 
12.95 
12.46 
11.96 

13.89 

19 
20 
21 
22 
24 
25 
26 
27 

Mean 
II 

61,5 
56,5 
51.5 
46.5 
34,5 
31,5 
26.5 
21,5 

41.5 

6,80 
6.20 
5.66 
5.15 
4,01 
3,50 
2.90 
2.31 

4,57 

(A I/A t ) i  : 9 . 4 2  (A I/A t) i  I : 9 . 0 8  

T a b l e  3 

R e s u l t s  of M e a s u r e m e n t s  of C o e f f i c i e n t s  of L i n e a r  E x p a n s i o n  of S o m e  
F i b e r g l a s  S p e c i m e n s  

Description of specimen 

z = 0  ~ PN-lkresin, 
T1 glass cloth 

z=O ~ PN-lk,  T1 

z : 0  ~ PN-lk,  T 1 

s : 9 0  ~ PN-Ik,  T 1 

s : 9 0  ~ PN-lk ,  T 1 

Resin 

c : g o  ~ NSP-205 resin, T 1 

e : 9 0  ~ NSP-205 resin, T 1 

Direction in which 
coefficient was 

measured 

I 
Temperature ] Coefficients of linear expansion 
range, ~ in 

I which obser- 
vations were 

made a- I0 ~ 1~. I0 e a20. l0 s 

e : 0  ~ NSP-205 resin, T1 

s : 0  ~ NSP-205 resin, T1 

z : 0  ~ NSP-205 resin, Tx 

a = 0  ~ NSP-205 resin, T l 

perpendicular to 
layer 

parallel to laYer 

~ ,  , ,  , ,  

perpendicular to 
layer 

immaterial 

parallel to layer 

perpendicular to 
layer 

along warp parallel 
to layer 

along warp perpen- 
dicular to layer 

along weft parallel 
t o  layer 

along weft perpen- 
dicular to layer 

18--60 

20--60 

20--65 

19--65 

18--50 

20--40 

16--46 

15--28 

95.2 

15.1 

25.2 

21.0 

0 .87 

0.00 

0.00 

0.00 

16--43 

16--40 

18--48 

16--50 

180.8 

182.8 

l l . 1  

277.4 

4 .7  

170.0 

24.1 

218.0 

0.48 

0.18 

0,00 

0 ,44 

0.00 

1.90 

0.00 

0.90 

130 

15.1 

25.2 

21.0 

200 

190 

11.1 

295 

4 .7  

246 

24.1 

254 
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In this  case  

l 
z = ~ = 0.29 l. 

V ~  

Thus,  the posi t ion of the thermocouple  junct ion  in the 
spec imen  wil l  be in t h e r a n g e  0.25/< z < 0.29/. A s t he  
most  probable  value of z we can take the mean  value:  

z = 0.27l. 

Hence, if fo rmula  (1) is to be valid for any ins tan t  
dur ing  cooling, the t e m p e r a t u r e  m e a s u r e d  at sec t ions  

L, ~z / / 3  

8O 

7 
6a 

#0 l ~  II 

20 /6M~ t5 
fOfl~ r 

, , $ 5  . . . .  ] 0 2 O lO 12 /4 /6 &t~ 

-20 2 ~  23 
2f~2~ 

--40 / 2 7  

~ t  L'~ = - s 6 . s  u 

Fig. 1. Graph of r e la t ionsh ip  between op t ime te r  
r ead ings  and ga lvanomete r  read ings  L =f(&t) .  

at a d i s tanee  of 0.271 f rom the end faces of the spec i -  
men  mus t  be used.  For  m e a s u r e m e n t  of the t e m p e r a -  
tu re  in this case  it  is  convenient  to use a d i f ferent ia l  
thermocouple  with one junct ion fit ted in a sma l l  r e c e s s  
made in the spec imen  at the indicated dis tance.  The 
other junct ion is  placed in a med ium with a cons tan t  
t e m p e r a t u r e  ~ approximate ly  equal to the t e m p e r a t u r e  
of the room in which the spec imen  is  cooling. The 
c i r cu i t  of the di f ferent ia l  thermocouple  inc ludes  a 
ga lvanomete r  graduated  in degrees  with a 100-degree  
scale.  The changes in length of the spec imen  can  be 
eas i ly  m e a s u r e d  by a hor izonta l  op t imete r  with quar tz  
or  g lass  points .  If a ve r t i ca l  op t ime te r  is  used i t  is  
e s sen t i a l  to e n s u r e  ident ica l  cooling condit ions on the 
end faces  of the spec imen.  This can  be done by means  
of an addi t ional  quar tz  support  mounted on the op t im-  
e te r  stage. The spec imen  without i ts  insu la t ing  case ,  
but  with the thermocouple  at tached to it, is f i r s t  held 
unt i l  i t  i s  comple te ly  heated to the high or  low t e m -  
pe ra tu re .  I t  is  then enclosed in i ts  case  and mounted 
on the op t imeter .  The changes in  length and t e m p e r a -  
t u r e  mus t  be r eco rded  s imul taneous ly .  F o r m u l a s  for  
de t e rmin ing  the p a r a m e t e r s  ~ and fl of r e l a t ionsh ip  
(1) can be obtained in  the following way. 

Applying fo rmula  (1) to d i f ferent  ins tan t s  dur ing 
cooling of the spec imen  we obtain 

l i - -  1 e = A (t~-- @) + B (t~ - -  @t), 
where  

A=alo; B=~lo. 

Putt ing l i - l d = Al i  and ti  - g = Ati, we will have 

A li/A ti = A + B(ti + ~) .... (3) 

Deriving average  equat ions of form (3) for the s t a r t  
and end of cooling, we obtain 

f rom which 

/ -At i = A +  B(tx+#~ 
.,,~ 

A t  n = A + B (tii + ~) 

(4) 

where  

B= ~At]~ [At /~ 
A ti - -  htlI  

( A / )  __B(Atr + 2~) ' A =  ~ "  I 

n k 
X Ali X Ali 

~-'t i-- _n ' ~-t iI"~' k 
Z Ati X ht i  
1 1 

A t~ X A t i 

At I = 1 . A _ ~ .  h t ~ i =  
n ' k 

Knowing the va lues  of A and B and m e a s u r i n g  the 
length of the spec imen  l ~- l o with a sl ide ca l ipe r ,  we 
obtain:  

A B a = - - : ;  p = - - .  
l l 

Knowing o~ and fl, we can find f rom fo rmula  (2) the 
actual  va lues  of the coefficient  of expansion for the 
p r e s c r i b e d  t e m p e r a t u r e s  

a t=  a + 2 ~ t  

and thus de t e rmine  the t e m p e r a t u r e  r e l a t ionsh ip  l = 

= f ( t ) .  We note that A/i = li -- l $ = Li - Lg ,  where  
L i and L,~ a re  the length readingw on the op t ime te r  
scale  co r re spond ing  to read ings  N i and N~ = 0 on the 
ga lvanomete r  scale ,  6N i = Ati, where  6 is  the ga lvanom-  
e te r  sca le  d iv is ion  in degrees  on the 1 0 0 - d e g r e e  
scale .  [61 = deg/div.  

To de t e rmine  the read ing  L~ and a lso  to exclude 
g r o s s  e r r o r s  f rom the observa t ions  we plot a graph 
of the r e l a t ionsh ip  L = f (At )  (Fig. 1) and in the fu r the r  
t r e a t m e n t  of the observa t ions  we take only those points  
(Li, Ati) which l ie  c lo ses t  to the mos t  probable  curve  
L = f (At ) .  The value of L,~ is  g iven by the i n t e r s ec t i on  
of the graph with the L axis.  

We give an example  of the de t e rmina t ion  of the coef -  
f ic ients  ~ and fl for  an ebonite spec imen  (Table  1), 
the expansion coeff ic ients  of which a re  known f rom 
de t e rmina t ions  by the s t eady-s t a t e  method: a = 71.0.  
�9 10 - 6 1 / d e g ,  fl = 0.32. 10 - 6 1 / d e g  2, ~ = 8 3 . 8 -  10 -6 
1/deg.  Observa t ions  se lec ted  f rom the graph of L = 
= f (At )  for  the ca lcula t ion  of the coeff ic ients  a and 
fl (Ld = 56.5~) a r e  given in Table  2. Calcula t ion  of 
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coeff ic ients  c~, fl, and ~d:  

B = (A l/AAOItI--_(AA t~l/A t)i~ =0,0365 #/deg 2 , 

A = (A l/A t)i - - B  (h f1 ~ 2 ~ )  =7 .45  p/deg ,  

a=  ~ =69.6.10 -~ 1/deg, 
l 

= B_ = 0 34.10_~ 1/deg2, 
1 

when t = ~  a0=~-Jc2~g=83.2.lo-s 1 /deg .  

A compar i son  of the r e su l t s  obtained by this method 
with the r e s u l t s  of the s t eady-s t a t e  method and an a n a -  
lys is  of the accu racy  of the method show that the coef-  
f ic ient  ~ can be de t e rmined  to within • and fl to 
within • The changes in length and t e m p e r a t u r e  
m u s t  be m e a s u r e d  to within • 

We have used the desc r ibed  method to de t e rmine  
the coeff ic ients  of l i nea r  expansion of f ibe rg las .  F i b e r -  
glas,  which is  jus t  as s t rong  as meta l s ,  differ ve ry  
g rea t ly  f rom them in t he rma l  p rope r t i e s .  This  m u s t  
be taken into account  in the manufac tu re  of a r t i c l e s  
for use in di f ferent  t e m p e r a t u r e  condi t ions.  Our de -  
t e r m i n a t i o n  of the coeff ic ients  of t h e r m a l  expansion of 
f ibe rg la s  and an inves t iga t ion  of the i r  t e m p e r a t u r e  
dependence showed that: 

1) they are  c h a r a c t e r i z e d  by pronounced aniso t ropy 
of t he rma l  expansion.  T h e r m a l  expansion along the 
f i be r s  of g lass  cloth is only 1/20 to 1/10 of the e x -  
pans ion  in the t r a n s v e r s e  d i rec t ion ;  

2) the coeff ic ients  of l i n e a r  expansion depend on 
the di f ference in the p rope r t i e s  of the b inde r s ,  the 
densi ty ,  and mode of packing of the l a y e r s  of g lass  cloth; 

3) the coeff ic ients  of l i nea r  expansion of f ibe rg las  
can change with the passage  of t ime  owing to fur ther  
po lymer i za t i on  of the b inder  and t e m p e r a t u r e  h y s t e r e s i s  
of the length [2]; 

4) for some f ibe rg la s  spec imens  the ra t io  of the 
coeff ic ients  ( f i /o~)  in  the fo rmula  l = l 0 + o~/ot + ill0 t2, 
where  l and l 0 a re  the lengths  of the spec imen  at t and 
t o = 0 ~ respec t ive ly ,  acco rd ing to  the 100-degree  sca le ,  
can be f a i r l y  high, about [1/ol  ~- 0.01 1/deg.  Neglect 
of the coeff ic ients  fi, which is  ve ry  often done i n p r a c -  
t ice ,  leads  to g ros s  e r r o r s  in  the ca lcu la t ion  of the 

l i n e a r  d imens ions  of f ibe rg las  components .  For  i n -  
s tance ,  for components  of length l = 20 cm with coef -  
f ic ients  ~• = 200. 10 -6 1/deg,  fl• = 2 �9 10 -6 1/deg z 

pe rpend icu la r  to the l ayer ,  and ~ it = 10. 10 -6 1/deg,  
fl IJ = 0 ' 10 -6 1/deg 2 pa ra l l e l  to the layer ,  the e r r o r  
due to neglect  of fl in the case  of a t e m p e r a t u r e  change 
f rom 0 to 50 ~ C wil l  be 1 ram. In fact,  

l - -  (l 0 + a lot ) = ~ lot ~ = 

= 2.10--6.20.502 = 0.1 e r a =  imm. 

If the anisot ropy is neglected the e r r o r  in this example 
wil l  be 3 ram: 

A l• = l - - I  o = a= lot + [1~ lot2 = 200.10-6.20.50+ 

+20.10-6.20.502 =0.3 c m =  3 ram, 

AIEI=a[I lot + [~ li lot2 = 10.10-6-20.50+0= 

= 0 . 0 1 c m = 0 . 1 m m ,  Al l - A / l l ~ 3 m m .  

Thus,  it  is c l e a r  that in ca lcula t ing  the l i nea r  d i -  
mens ions  of f ibe rg las  a r t i c l e s  the an iso t ropy  of the 
t he rma l  expans ion  and the non l inea r i ty  of the change 
in l i nea r  d imens ions  with change in t e m p e r a t u r e  m u s t  
be taken into account.  

We de t e rmined  the coeff ic ients  of l i n e a r  expansion 
of some f ibe rg las  spec imens  (Table 3). 

NOTATION 

is the ambien t  t e m p e r a t u r e ;  V is  the volume of 
spec imen;  l is  the length of spec imen;  z is the co -  
ordinate  axis along which d is tances  a re  measu red .  
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